1. Introduction. Let Em denote the m-dimensional euclidean space and generally EmP the pseudo-euclidean space of m real variables with the distance function p > o.
As p~00 we get the space E= with the distance function maXi=l, ... ,m IXi -xl I.
Let, furthermore, lp stand for the space of real sequences with the series of pth powers of the absolute values convergent. Similarly let Lp denote the space of real measurable functions in the interval (0, 1) which are summable to the pth power, while C shall mean the space of real continuous functions in the same interval. In all these spaces a distance function is assumed to be defined as usual. t L2 is equivalent to the real Hilbert space S). The spaces EmP, lp, and Lp are metric only if p~1, but we shall consider them also for positive values of p< 1. Finally, if~is a (not necessarily metric) space with the distance function pp', we shall denote by~('Y) the new space which arises by changing the distance function from pp' to pp'~, (1'>0) .
A general theorem of Banach and Mazur ( [1] , p. 187) states that any 'Separable metric space~may be imbedded isometrically in the space C. Furthermore, as a special case of a well known theorem of Urysohn, any such :space~may be imbedded topologically in S). Isometric imbeddability ofĩ n S) is, however, a much more restricted property of~.
'The chief purpose of this paper is to point out the intimate relationship between the problem of isometric imbedding and the concept of positive definite functions, if this concept is properly enlarged. As a first approach to this connection we consider here isometric imbedding in Hilbert space only. It turns out that the possibility of imbedding~in S) is very easily expressible in terms of the elementary function et2 and the concept of positive definite functions (Theorem 1). The author's previous result ([10] ) to the effect that S)('Y) , (0 <1' < 1), which is the space arising from S) by raising its metric to a * Presented to the Society, December 29, 1937; received by the editors December 14, 1937. t See, for example, Banach [1] , pp. 11-12. The numbers in square brackets refer to the list of references at the end of the paper.
t Here and below the word "imbedding" stands for "isometrical imbedding." 522 fractional power, is imbeddable in 53,* appears again as a simple consequence (Corollary 1). For the class of spaces~m arising from the euclidean space Em by a general change of metric of the vector type (11) below, the condition of imbeddability in 53 is directly expressible in a simple way in ter~s of the usual concept of positive definite functions as described by Mathias and Bochner (Theorem 2). The solution of this problem for m = 1 (the problem of "screw lines" in 53, von Neumann and Schoenberg [8] ) allows us now to derive purely analytical results in the theory of positive definite functions with which it is equivalent. Two readily defined classes of positive definite functions are completely determined (Theorems 3 and 4). In particular two new proofs are given for the already known fact that the function exp [-I xl P ] is positive definite for values of p in the range 0<p~2, and not positive definite if p>2t ( §5). One proof is geometrical, the other proof covering the case 0 <p~2 is analytical and may be read independently of the rest of this paper.
All previous results now allow us to conclude that the spaces Err? (1') Similar as yet unsolved problems concerning the case of p >2 are shown to be equivalent to further knowledge as to the positive definite character of certain special functions of m variables. One of these unsolved problems suggests a probably possible way of extending an interesting theorem of L. M. Blumenthal on metric sets of four points to such sets of any number of points. The reader primarily interested in the geometrical results of this paper may omit §4 and §5 entirely by taking the known Corollary 3 for granted.
2. Positive definite functions. A real continuous functionf(xl, X2, . . . , x m ) which is defined for all real values of its variables and is even, that is for which 
function.
A closely allied concept is as follo\vs. Let~be a space in which a distance function P p' is defined subject to the following conditions: (1) P p' =p'P~O for arbitrary points P, P' in~, (2) PP=O. A real continuous even function get), which is defined in the range of values of ±PP', (P, P' in~), is said to be positive definite in~if
'"k=l for arbitrary real Pi and any n points Pi (different or not) of~, (n =2,3, ... ).
* For a discussion and consequences of Schur's result see also P6lya and Szego [9] , pp. 106-107, 307-308. This class of functions g(t) has for a given space~properties II and III above for similar reasons. Both definitions agree if m = 1, while~is the one-dimensional euclidean space E 1• Th,e peculiar relationship between the definitions, which will be clearer later on, is already exhibited by the following simple example needed in the sequel. From the formula 00
we get, replacing x by Xh (j = 1, ... , m), and multiplying the resulting equations,
which shows at a glance (property I) that the function
As m is arbitrary, this implies that the function et2 is positive definite in the real Hilbert space~. 3. Conditions for isometric imbedding in Hilbert space in terms of positive definite functions. It was pointed out by K. Menger and by the author (for references see [10] ) that a necessary and sufticient condition that a separable space~be imbeddable in~is that for any n+1 points of~, (n~2), we have for arbitrary real pi.* Let us now put this condition in a slightly more symmetrical form. By summing over the three terms separately, we may write this as
* This was proved for the case when ® is a separable semi-metric space; that is, when the metric P p' satisfies the additional condition (3) P p' >0 if P~P', whereas we postulated only that (1) PP'=P'P~O, (2) pp=O. However, our quadratic inequality, for n=2, insures the triangle inequality PQ+QR~PR for any three points of ®. If we now identify with P all points Q such that PQ=O (which is now allowed, since PQ=O implies RP=RQ for any R, on account of the triangle inequality) and do this for all points of (0, we get a new space which is not only semi-metric but even metric.
and if we set Po = -L~Pk, this last inequality is equivalent to or, finally,
Hence the inequality (5), as a consequence of the relation by (3) . We complete the proof in two different ways.
First proof. By expanding the left-hand side of (7) in power series we have, in view of (6),
which clearly implies (5) for small values of X.
Second proof. Using the formulas If now Pi are any real numbers satisfying (6), we get, for 0<a<2,
by (7) and the obvious fact that c(a) >0. Now we get again the desired inequality (5) on allowing a in (9) Notice that the condition of this theorem may be restricted to require that e-"Xt 2 be p.d. in (0 only for a set of positive values of X admitting the origin A= 0 as a point of accumulation. The properties II and III ( §2) will then imply that e-"Xt 2 is p.d. in (0 for all positive values of X. Recalling that we denote by~("Y), (1' >0), the space obtained from (0 by replacing its metric P p' by PP''Y, it is of interest to point out the further fact, implicitly contained in the previous second proof, that if~is imbeddable in S), then so is~(1') for any value of l' in the range 0 < l' < 1. Indeed, let a = 21'; if~is imbeddable in S), then e-"Xt 2 , (X >0), is p. d. in (0; hence (9) holds in virtue of (6), and~(1') is therefore imbeddable in S) on account of the form (5) of the imbeddability condition. Applying this conclusion to (0 = S) itself, we have the following corollary: COROLLARY 1. The space S)(1'), (0<1'<1), obtained from Hilbert space S) by raising its metric to a power 1', is imbeddable in S).* * We may even state the following more general theorem: Let
where q(A) is non-decreasing for A~O and is such that Jl~A-2dq(A) exists. If we change the metric off rom PP' to [F(PP') ]1/2, then the new space thus arising is imbeddable in~. Indeed (6), (7), and (8') imply and the theorem follows on account of the form (5) and (6) of the imbeddability condition. We leave open the question whether or not (8') gives the most general function F(t) with this property.
Added in proof, August, 1938: Formula (8') gives indeed all functions with the property stated above. See the following paper Metric spaces and completely monotone functions, to appear in the Annals of Mathematics. and call ®m the space of points P = (Xl, ... , x m) with the distance function
For such a space, which is obviously separable, the condition of Theorem 1 that eAt2 be p.d. in ®m may be expressed in a more familiar form. Indeed, on comparing the formulas (1), (3), and (11), we now obtain from Theorem 1 the following theorem: 
where 1>(x) is necessarily non-negative, even, and vanishing at the origin, we conclude as before that 1>(x) is of the form (14). We have thus proved the following theorem: 
where u(u) is a non-decreasing function subject to the restriction (15), while c is any real constant.
A few remarks are called for regarding the condition of this theorem that (j(X)]A be p.d. for X>0. In the first place, as remarked after the statement of Theorem 1, the range of X in this condition may be restricted to a sequence of positive numbers tending to zero.
A second and more important remark is that Theorem 3 becomes false if we assume only that the positive function f(x) is p. The third and last remark is that Theorem 3 is now equivalent to the theorem that (14) and (15) give the most general cP(x) such that the space of real numbers with the metric [cP(X-X')]1/2 be imbeddable in~(see [8] ). Hence a direct proof of Theorem 3 would furnish a new proof of that theorem.
While the problem of determining all positive and positive definite functions is yet unsolved, there is another subclass of this class of functions which can now be readily determined. It will in fact be a subclass of the class determined by Theorem 3.
Let 1/;(x) be a p.d. function, c a real constant. Clearly 
is p.d. Hence, by (14), (18), and (16),
and is indeed of the desired form (17). We have thus proved the following theorem: (0<p~2), is of the form (14).* This is apparent on account of the formula
valid for 0<p<2, which is as easily established as the similar representation (8) . An obvious step-function for u (u) in (14) 
we have .
which proves the inequality (20), for (20) is already known to hold for all values of m if the PiP k of (20) are replaced by the quantities on the left-hand side of (21). On the basis of this lemma it is natural to classify finite metric sets according to their "dimension" as follows: A set ( 
